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Abstract 

The regular representation is related to Zhu's ^(y)-theory and an induced mod- 
ule from an ^(y)-module to a ^-module is defined in terms of the regular repre- 
sentation. As an application, a new proof of Frenkel and Zhu's fusion rule theorem 
is obtained. 

1 Introduction 

In a remarkable paper [Z], Zhu constructed among other things an associative algebra 
A[V) for each vertex operator algebra V and established a one-to-one correspondence 
between the set of equivalence classes of irreducible 74(\^)-modules and the set of equiv- 
alence classes of lowest weight irreducible generalized l^-modules. With this one-to-one 
correspondence, the classification of irreducible \^-modules is reduced to the classifica- 
tion of irreducible y4(V^)-modules. In [FZ], Zhu's A{V)-theoTY was extended further to 
determine fusion rules by using A(V")-modules and bimodules associated to V^-modules. 
Since Zhu had developed his A(K)-theory, there have been many applications and gen- 
eralizations (see for examples [Al-2], [DLMl-4], [DMZ], [DNl-3], [FZ], [KW], [W]). In 
Zhu's one-to-one correspondence, the functor from a weak l^-module to an yl(V^)-module 
is a restriction with respect to both the space and the algebra, and the functor from an 
A{V)-m.odu\e to a (weak) ^-module is, to a certain extent, analogous to the induction 
functor in group theory. 

In Lie group theory, for a Lie group G and a subgroup H, the induced G-module from 
an if-module U is defined (cf. [Ki]) to be 

Indgt/ = {f:G^U\ f{hg) = hf{g) for h e H, g e G}, 

where {gf){g') = fig'g) for g,g' E G, / G Ind^f/. The construction of the induced 
module can be explained as follows: First, L?'{G) or G^{G) is (naturally) a G x G- 
module. (Certain G x G-submodules are the modules affording the regular representation 
of G.) More generally, for any (finite-dimensional) vector space ?7, the space G°{G, U) 
of continuous functions from G to is a G x G-module. Second, the subspace Ind^([/) 
of (left) if-invariant functions from G to t/ is a G-submodule of C^{G,U) viewed as a 
G-module through the identification G = G x 1. 

1 Supported in part by NSF grants DMS-9616630 and DMS-9970496 
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In [Li3] we defined regular representations of vertex operator algebras and established 
certain results. More specifically, for a vertex operator algebra V and a nonzero complex 
number z, we constructed a (weak) V ® V"-module Vp(^z}{V) out of the full dual space 
V* of V, and we obtained certain results of Peter- Weyl type. Note that unlike in group 
theory, there is no natural V <S) V"-module structure on V*. In view of this, Vp(^z){V) in a 
sense plays the role of C7°(G'). 

The main purpose of this paper is to relate Zhu's A{V)-theoTy to the regular represen- 
tation in the spirit of the induced module theory for a Lie group. First, for a vector space 
U, we construct a (weak) V ® V^-module Vp(^z){V,U), a subspace of Hom(V, f/), which 
plays the role of C'^{G,U). Note that in Zhu's AiVytheoij, A(y) is not a subalgebra 
of V in the usual sense and A{V) does not naturally act on the whole space of a (weak) 
l^-module. In view of this, for an y4(l^)-module U, it does not make sense to consider 
A (l^) -invariant functions from V to U. On the other hand, given a (weak) V^-module 
W, there is a canonical 74(l^)-bimodule ^4(1^) [FZ], constructed as a quotient space of 
W just as A(y) is a quotient space of V (see Section 3 for the definition); and there is 
an y4(\^)-module Q{W), a subspace of W. By definition, fl(W) consists of those w such 
that VnW = for homogeneous v & V and for n > wtv. (Of course, f2(iy) can also 
be considered as the invariant space with respect to a certain Lie algebra.) In the case 
that W is a lowest weight irreducible generalized V^-module, Q{W) is the lowest weight 
subspace. 

We here define an induced module using the following restriction-expansion strategy. 
Since A{V) is a quotient space of V, any linear function from A{V) to U lifts to a linear 
function from V to U. Then we first restrict ourselves to linear functions from V to U, 
which are lifted from linear functions from A{V) to U, or simply just linear functions from 
A{V) to U . Now, it makes perfect sense to consider (left) y4(l^)-invariant functions from 
A{y) to U. It is a classical fact that the space Hom(^(\^), f/) of linear functions from 
A{y) to f/ is a natural yl(l^)-module containing the space }lov[i A{v){.A{y),U) of A{y)- 
invariant linear functions from AiV) to ?7 as a submodule. Of course, Homyi(y)(y4(l^), U) 
is canonically isomorphic to U . On the other hand, it is shown (Proposition |3.8| , Theo- 
rem |3l^ ) that Hom(A(V), U) is a subspace of r'p(_i)(V, f/), moreover Hom(y4(y), U) and 
^7(I'p(_l)(V, f/)) (c IIom(V, f/)) coincide as natural A{y) ® A(V^)-modules. To summa- 
rize, we have the following information: 

U = UomAiy){A{V), U) C Hom(A(K), U) = Q{Vp^_,^{V, U)). (1.1) 

Then we define the induced module Ind^^y^U to be the submodule of I'p(_i)(V, U) gen- 
erated by B.omA{v){A{V) , U) (= U) under the action oiV ®<C 

Note that the results of [Li3] were more general than what we needed for regular repre- 
sentations. For any weak module W , a weak V ® \^-module Vp(^z)iW) was constructed 
and it was proved that the fusion rule of type (^^^I'^J equal to 

dimHomv®v'(W^i ® W2, ^^p(-i)(W^)) 

for generalized modules W,Wi,W2- Furthermore, if Wi and W2 are lowest weight 
generalized ^-modules, it was shown (Corollary 4.6, [Li3]) that the fusion rule of type 
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dimHom^(y)«A{y)(l^i(0) ® 1^2(0), fi(Pp(-i)(l^))), 

where Vri(O) and 14^2(0) are the corresponding lowest weight subspaces. It is proved 
(Proposition p.8| and Theorem p.9| ) that fi(Dp(_i)(iy)) and yl(iy)* coincide as natural 
A{V) v4(\/)-modules for any weak \^-module W. Using these results, we obtain a new 
proof of Frenkel and Zhu's fusion rule theorem^ which asserts that the fusion rule of type 
(^^^^ for irreducible l^-modules W, Wi, W2 is equal to 

dimHom^(y)(A(iy) ®A{V) W^i(O), 1^2(0)) 

under a certain condition (Corollary [4.171 ). 

In [DLin], an induced module theory for a vertex operator algebra with respect to a 
vertex operator subalgebra was established. Let Vi be a vertex operator subalgebra of V 
and let U be an irreducible Vi-module. In general, U could lift to either a l^-module or 
a so-called twisted V^-module by an automorphism of V, but not both. (A l^-module is a 
twisted module corresponding to the identity automorphism.) In this regard, this theory 
is quite different from and more complicated than the classical theory. We hope to study 
Dong-Lin's induced module theory in terms of regular representations later. 

We would like to thank Professor James Lepowsky for providing me many valuable 
suggestions, as he has generously done for many of my papers. We also would like to 
thank Professor Geoffrey Mason (the editor) for providing a list of corrections on the 
exposition. 

The paper is organized as follows: In Section 2, we review the construction of the 
weak V ® K-module Vp(^z){W) and the main results, and then construct a weak V ^V- 
module Vp(^^){W,U). In Section 3, we identify B.om{A{W),U) with n{Vp^^){W,U)) as 
natural A{V) ® A(V^)-modules, and we define the induced V^-module Ind^(y-)f/ for a given 
A(y)-module U. In Section 4, we give a new proof of the Frenkel and Zhu's fusion rule 
theorem. 



2 Weak V (g) modules Vp^,){W) and Vp^,){W, U) 

In this section we shall first review the construction of the weak V ® F-module Pp(^)(iy) 
and the main results from [Li3], and then construct a (weak) V ® F-module Vp(^z)iW, U) 
as a generalization. 

We use standard definitions and notations as given in [FLM] and [FHL]. A vertex 
operator algebra is denoted by V , or by (V, y, 1, cj) with more information, where 1 is the 
vacuum vector and uo is the Virasoro element. We also use the notion of weak module as 
defined in [DLM2] — A weak module satisfies all the axioms given in [FLM] and [FHL] for 
the notion of a module except that no grading is required. 



^The original theorem [FZ] was corrected in [Lil-2] (see Corollary 4.17 below) 
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We typically use letters x,y,Xi,X2, ■ ■ ■ for mutually commuting formal variables and 

z,Zq,... for complex numbers. For a vector space U, U[[x,x~^]] is the vector space of 
all (doubly infinite) formal series with coefficients in U and U{{x)) is the space of formal 
Laurent series. Sometimes we also use U[x, x~^]] for U{{x~^)). We emphasize the following 
standard formal variable convention: 

(x^-x,r^Y.i-^y('')^l~'4, (2-1) 

{x-zr=j:{-zy(fjx--\ (2.2) 

{z - x)" = Y.i-iyz''-' M x' (2.3) 
i>0 Vv 

forn G Z, z e C^. 

Recall the following simple result from [Li3]: 

Lemma 2.1 Let U be a vector space, Ui a subspace and let 

/(^) = E/"^~""' e U[[x,x-% g{x) = Y.dnx-''-' e U,[[x,x-% (2.4) 
nez nez 

Suppose that either f{x) e U{{x)) or f{x) e U{{x~^)) and that there exist k & N and 
z & such that 

{x-zff{x)^{x-z)''g{x). (2.5) 

Then for n E Z, 

fn e linear span {g'm | > n} (2-6) 

if f{x) e U{{x)) and 

fn € linear span {gm \ m <n} (2.7) 

if f{x) e U{{x~^)). In particular, f{x) e x"^]]. 

For vector spaces C/i, C/2, a linear map / e Hom(C/i, U2) extends canonically to a linear 
map from to C/2[[a;, We shall use this canonical extension without any 

comments. 

Let V" be a vertex operator algebra. For f G we set (cf. [FHL], [HLl]) 

Y°{v,x) = r(e^^W(-2^"')^^°^^,^"')- (2-8) 

For a weak ^-module W, Y°{v, x) lies in Hom(l^, W[x, x"'^]]) because e''^^^\-x~'^)^^^^v e 
V[x,x~^] and Y{u,x~^)w G H^[a;, for m G V, w E W. More generally, for any 
complex number zq, Y°{v, x + Zq) lies in Hom(FF, W[x, x~^]]), where by definition 

Y"(v,x + zo)w = {Y"(v,y)w)\y=,+,, (2.9) 
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for w e W. Let W he a weak y- module and let ?7 be a vector space, e.g., U — C For 
V E V, / G }Ioin{W,U), the compositions fY°{v,x) and fY°{v,x + Zq) for any complex 
number Zq are elements of (Hom(W^, f/))[[x, x^-*^]]. 

Now let us review the main definitions and results about I5p(2)(Vr) from [Li3]. 

Definition 2.2 [Li3] Let y be a vertex operator algebra, W a weak l^-module and z a 
nonzero complex number. Define Vp(^z){^) to be the subspace of W*, consisting of those 
a such that for each v eV, there exist k,l EN such that ior w eW, 

x^{x - zf{a,Y''{v,x)w) ec[x], (2.10) 

or what is equivalent, the series {a,Y°{v,x)w), an element of C[a;, x^"*^]], absolutely con- 
verges in the domain \x\ > \z\ to a rational function of the form x~''{x — z)~^g{x), where 
g{x) e C[x]. 

The following is an obvious characterization for a lying in T>p(^z){^) without involving 
matrix-coefficients. 

Lemma 2.3 [Li3] Let W, z be given as before and let a e W*. Then a e Vp^z)(VV) if 
and only if for v E V, there exist k,l E N such that 

x\x - z)''aY%v,x) E W*[[x]], (2.11) 

or equivalently, if and only if for v eV, there exists k EN such that 

{x - zfaY°{v, x) E W*{{x)). (2.12) 

Let C(x) be the algebra of rational functions of x. The t-maps l^.q and tx;oo from C{x) 
to C[[x, x~^]] are defined as follows: for any rational function f{x), ix-fif{x) is the Laurent 
series expansion of f{x) at x = and ix;oof{x) is the Laurent series expansion of f{x) 
at X = oo. These are injective C[a;, x"^] -linear maps. In terms of the formal variable 
convention, we have 

M ((^ - ^Tfi^)) = (-^ + a:)"M/(x), (2.13) 

ix;oo {{X - zYf{x)) = (X - zYix.,oof{x) (2.14) 

forn e Z, z EC^, f{x) E C{x). 

From the definition, for a G Vp(^z){W), v E V. w E W, {a, Y°{v, x)w) lies in the range 
of L^-^oo- Then ^^.^(q;, Y"{v, x)w) is a well defined element of C{x). 

Definition 2.4 [Li3] For v eV, a E Vp^^){W), we define 

Fp^(,)(t;,x)a, Y^^^^{v,x)a E W*[[x,x-']] 

by 

{Yp(z)iv,x)a,w) = ix.o(L;^i,{a,Y''iv,x + z)w)) (2.15) 

(r4)(^;,x)a,w) = Lx.,oi-.oo{'':Y'^('^:X)w) (2.16) 

for w eW. 
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Lemma 2.5 [Li3] Let v e V, a e Pp(^)(W'). Then 

+ = (x - z)''aY°{v,x), (2.17) 

{z + x)'Fp(^)(t;,x)a = (x + zyaY°{v,x + z), (2.18) 

where k and I are any pair of nonnegative integers such that ( ^.11] ) holds. 

We have ([Li3], Proposition 3.24): 

Proposition 2.6 [Li3] Let W be a weak V -module and let z be a nonzero complex number. 
Then 

Yp^(,)(t;,x)a, YP^,^iv,x)a E (Pp(,)(Py))((x)) (2.19) 
forv G V, a G Vp(^;,^{W). Furthermore, 

Yp^(,)(M,Xi)F/;,)(t;,X2) = y/;,)(t;,X2)r/(,)(«,a;i) (2.20) 
on Vp^z) iW) for u,v eV . 



In view of Proposition |2.6| , Ypi^z) ^^'^ ^p{z) S^^^ ^^^^ ^ ^^^^ defined linear map 

Yp{z) = Ypiz) ® ypi.) -V^V^ (End Pp(.)(iy)) (2.21) 
Then we have ([Li3], Theorem 3.17, Propositions 3.21 and 3.24 and Theorem 3.25): 

Theorem 2.7 [Li3] Let W be a weak V -module and let z be a nonzero complex number. 
Then the pairs {Vpi^z){W)^Yp(^^-^) and (^^p{z)(W^), ^p(2)) carry the structure of a weak V- 
module and the pair {T>pi^z){W)i ^p(z)) ai^f^ies the structure of a weak V ® V -module. 

For a C-graded vector space M = Uh&c^ih), following [HLl] we define the formal 
completion 

M=n^W- (2.22) 

Recall from [FHL] that M' = UhecM^h)- Then 

W = M*. (2.23) 

We shall need the following notions. A generalized V^-module [HLl] is a weak V- 
module on which L{0) semisimply acts. Then for a generalized V^-module W we have the 
L(0)-eigenspace decomposition: W = lJhgc^(/i)- Thus, a generalized V^-module satisfies 
all the axioms defining the notion of a V^-module ([FLM], [FHL]) except the two grading 
restrictions on the homogeneous subspaces. If a generalized K-module furthermore satis- 
fies the lower truncation condition (one of the two grading restrictions), we call it a lower 
truncated generalized module [HI]. 
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Following [HLl], we choose a branch logz of the log function so that 

logz = \og\z\ + i aig z with < arg^; < 27r, (2.24) 
and arbitrary values of the log function will be denoted by 

lp{z) = logz + 2p'Ki (2.25) 

for p G Z. 

Let W, Wi and W2 be generalized V^-modules and let 3^ be an intertwining operator of 
type (vv^vkJ- For G Wi, Wi2) e W2, we set [HLl] 

3^(«;(i), e'-(^ V(2) = {yiw(i),x)w^2)) L.=e-.«,h.c e (= W*). (2.26) 

Note that D^(u^(i), a;)w(2) in general involves non-integral, even complex powers of x. We 
have ([Li3], Theorem 4.5): 

Proposition 2.8 [Li3] Let W, Wi and W2 be generalized V -modules, y an intertwining 
operator of type {^^-^^ and let p ^ Z. Then 

3^(^(1), e'-(^V(2) e^^p(.)(W^) (2.27) 

forw{i) e Wi, W{2) e W2- 

In view of Proposition for an intertwining operator y of type (^^^^^^^ we have a 
linear map 

Fy^P^ ■ Wi<^W2-^Vp(-,){W) 

iw^i),w^2)) ^ F;i'\w^,)(g)w^2)) =yiwa),e''^'^)w^2) (2.28) 

for G Wi, W(^2) £ W^2- 

For generalized modules W,Wi and W2, following [HLl] we denote by V^^^y^ the 
space of intertwining operators of type Then we have ([Li3], Corollary 4.6): 

Theorem 2.9 [Li3] Let W,Wi and W2 be lower truncated generalized V -modules, let z 
be a nonzero complex number and let p E Z. Then the linear map 



Fp[Piz)]w,w, ■■ K,w, ^ Homy^v(W^i ® W^2, I^p(.)(W^)) 

y ^ F§^;^ (2.29 

is a linear isomorphism. 

Next, we shall generalize the notion of Vp(^z)iW) by incorporating a vector space U . 
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Definition 2.10 Let be a weak V^-module, U a vector space and z a nonzero complex 
number. Define Vp(^z)(yW,U) to be tiie subset of Hom(VF,[/), consisting of each / sucli 
that for V & V, there exist k,l E N such that 

{x - z)''x^ {u*, fY°{v, x)w) G C[x] (2.30) 

for all u* G U*, w G W, or what is equivalent, for all u* G U*, w G W, the formal series 

{u*,fY%v,x)w), 

an element of C[x, absolutely converges in the domain |x| > |z| to a rational function 
of the form x~\x — z)~^g{x) for g{x) G C[x]. 

Clearly, Vp^^^)iyV, U) is a subspace of Hom(iy, U). When f/ = C, Vpi^^){yV, C) gives us 

Lemma 2.11 Let f G Hom(P1/, U). Then the following statements are equivalent: 

(a) f eVp^,)iW,U). 

(b) For V eV , there exist k,l E N such that 

(x G (Hom(W^, ;7))[[x]]. (2.31) 

(c) For V eV , there exist k,l E such that for each w E W , 

{x - zfx^fViv, x)w E U[x\. (2.32) 

Proof. Clearly, (a) implies (b), and (c) implies (a). Since Y°{v,x)w E W[x^x^^\\ for 
V eV, we W, we see that (b) implies (c). □ 

Let V E V, f E Vp^^){W,U) and let k,l G N be such that ( p32|) holds. Then by 
changing variable we get 

x''{x + zyfY''{v,x + z)wEU[x] (2.33) 

for w E W. 

Definition 2.12 Let W,U and z be given as before. For v E V, f E Vp(^z)iW,U), we 
define two elements Yp^^-^{v^x)f and Yp^^-^{v,x) of (Hom(iy, f/))[[a;, x""*^]] by 

(F/'(,)(t;,x)/)(«;) = {z + xr'({x + z)'f{Y"{v,x + z)w)) (2.34) 
{Y^^,^{v,x)f){w) = {-z + x)-''{{x-zff{Y%v,x)w)) (2.35) 

for w E W, where k, I are any pair of (possibly negative) integers such that (|2.32|) holds. 
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First, in view of (p32[) and dOSp , both {z + x)-^ (^{x + zY f{Y°{v, x + z)w)) and 

{-z + x)~'' ({x - z)^f{Y°{v,x)w)'j lie in f/((a;)), so that Yp^.^-^{v,x)f and 
make sense. However, we are not allowed to remove the left-right brackets to cancel 
(x — z)^ or {x + zf because of the nonexistence of terms {z + + z)w) and 

{—z + x)~^f{Y°{v,x)w). Second, they are also well defined, i.e., they are independent of 
the choice of the pair of integers fc, /. Indeed, if fc', /' are another pair of integers such that 
( p.32| ) holds, say for example, k > k', then 

{-z + xy^ ((x - zffY"{v, x)w) 
= {-z + x)^^ [{x - zf-'^'ix - zf'fY°{v, x)w) 
= {-z + - z)''-''' ((x - zffY°{v, x)w) 

= {-z + xy"' [{x-zffY"{v,x)w). (2.36) 
From definition we immediately have: 
Lemma 2.13 For v e V, / G Vp(^,){W, U), 

{z + xyY^^,){v, x)f = {x + zYfY^iv, x + z), (2.37) 
i-z + x)''Y^^,^{v,x)f = {x - z)''fY"{v,x), (2.38) 

where k, I are any pair of integers such that ) holds. □ 

In terms of rational functions and the t-maps we immediately have (cf. [DL], [FHL]): 

Lemma 2.14 For v e V, / G Vp(,){W, U), u* eU*, w e W, 

{u%{Y^^,^{v,x)f){w)) = i,,oi-^^{u*,fY''{v,x + z)w), (2.39) 
{u\{Y^^^^{v,x)f){w)) = L,,ot-U^*JY%v,x)w). □ (2.40) 

Let W, U and z be given as before. Consider U* as a weak V-module with the action 
of V on W. Then in view of Theorem we have a weak V ® V^-module T>p(^z){U* W). 
Let a G (t/* (g) W)*. Then a G Pp(^)(f/* ® W) if and only if for v eV, there exist k,l eN 
such that 

(x - z) u* ® Y°{v, x)w) G C[x] (2.41) 

for all u* eU*, w e W. 

Let rj be the canonical embedding of B.om{W,U) into {U* ® W)*, i.e., for / G 
Rom{W,U), u* eU*, w eW, 

{r]{f),u*(^w) = {u*,f{w)). (2.42) 

Let / G Vp(^,){W, U) (C Hom(Vr, [/)). For t; G 1/, let /, A; G N such that 

(x - zfx^ {u\ fY°{v, x)w) G C[x] (2.43) 
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for all u* eU*, w eW, that is, 

{x - zfx\'q{f),u* ® Y\v, x)w) G C[x] (2.44) 

for all u* eU*, w e W. Then r/(/) G Vp(^,){U* ® W). This proves 

r7(I?p(,)(l^, f/)) C Pp(.)(f/* ® W^). (2.45) 

On the other hand, let / G Rom{W, U). If r/(/) G Vp^,){U* (g)W), ioi v e V, there 
exist k,l E N such that 

(x - 2)^x'(r7(/), M* ® r°(t;, x)w) G C[x] (2.46) 
for all u* eU*, w eW. That is, 

{x - zfx^{u\ f{Y°{v, x)w)) G C[x]. (2.47) 
Then / G 2^P(2)(Vr, ?7). This shows 

7y(Hom(iy, f/)) n Pp(.)(f/* ® W^) C vi1^P{z){W, U)). (2.48) 
Therefore, we have proved: 

Lemma 2.15 Let W be a weak V -module, U a vector space and z a nonzero complex 
number. Then 

r7(Dp(,)(Vr, U)) = r/(Hom(iy, U)) H I)p(.)(?7* ® W). □ (2.49) 
Furthermore, we have: 

Proposition 2.16 Let W be a weak V -module, and let U be a vector space. Then 
ri{Vp(^z)iW, U)) is a weak V ® V -submodule of Vp(^z)iU* ® W). Furthermore, 

viY^^,)iv,x)f) = F/(,)(t;,x)r/(/), r^(r/5,)(t;, x)/) = Y^^,)iv,xMf) (2.50) 

forveV, f eVp(^,){W,U). 

Proof. Let w G V, / G Vp(^,){W,U). Since ri{f) G Vp^,){U* O W) (Lemma [27[5|), by 



Lemma |2.5| there exist k,l E N such that 

(x-^)%^(,)(t;,x)r^(/) = {x~zfr^{f)Y%v,x) (2.51) 

ix + zyY^^,)iv,xUf) = {x + zyr]if)Y°iv,x + z). (2.52) 

For u* eU*, w eW, we have 

{r]{f)Y°{v,x),u* ®w) = {7]{f),Y°{v,x){u* ^w)) 

= {7]{f),u* ^Y"{v,x)w) 

= {u*,fY\v,x)w) 

= {ri{fY°{v,x)),u* ®w). (2.53) 
10 



Then 

r]{f)Y%v,x)=r]{fY"{v,x)). (2.54) 

Consequently, 

7]{f)Y°{v,x) {=r]{fY°{v,x))) e7](Rom{W,U))[[x,x-'^]]. (2.55) 
Then it follows from Lemma |2.1| and (|2.51| )-( p.52| ) that 

Y^^^^iv^xMf), Y^^^^{v,xMf)evi^omiW,U))[[x,x-% 
so that from Lemma |2.15| , 

Y^^,)iv,xMf), Y^^,^iv,xMf) G viVp^zmumx,x-% (2.56) 

This proves that r](Vp(^;,){W, U)) is a weak V ® V-submodule of Vp{^z){U* ® W). 
Let w G / G Vp(^^){W, U), u* e U*, w e W. Then using Lemma pTT4| we get 

{Y^^,){v,x)r]U'),u* ^w) = L,.oL-^^{vif),u* ^Y°{v,x + z)w)) 

= t.-M-U^*J{Y''iv,x + z)w)) 

= {u*,{Y^^,){v,x)f)w)) 

= {v{Y^^4v,x)f),u*®w). (2.57) 



Thus 

Similarly we can prove 



viY^^^)iv,x)f) = Y^^,)iv,xMf). 



v{Y^^,){v,x)f)=Y^^,^{v,xMf). 

This completes the proof. □ 

In view of Theorem |2.7| and Proposition p.l6| we immediately have: 

Theorem 2.17 Let W be a weak V -module, U a vector space and z a nonzero complex 
number. Then the pairs {Vp(^z)iW^U)^Yp^^^) and {Vp(^z)iW^U),Yp^^-^) carry the structure 
of a weak V ® V -module and the actions Yp^^^ and Yp(^^^ of V on Vp(^z)(W, U) commute. 
Furthermore, set 

yp(z) = yn^)®yn^y (2.58) 

Then the pair {Vp(^z){W, U), lp(2)) carries the structure of a weak V ® V -module. □ 

In view of Proposition p.l6| and (|2.54|) , from ([Li3], Proposition 3.22) we immediately 
have the following relations among fY°{v^x)^Y^{v,x) and Y^{v,x)f: 

Corollary 2.18 Let v e V, / G Vp(^,){W, U). Then 

(^) fY"{v,x) - x^'6 (^) yp^(,)(t;,x)/ 

= z-'6(^^^y^^4v,xo)f. (2.59) 

For convenience, from now on we shall drop the ^^P{z)" from the notations Yp^^^^ and 
yp(z) "W'hen there is no confusion. 
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3 Zhu's 74(l/)-theory and induced module Ind^j^^^t/ 

In this section, given a weak K-modulc W and a nonzero complex number z, we construct 
an A{V)®A{V)-Taodu[e A{W, z), generalizing Frenkel and Zhu's notion of A(W^), and then 
we relate Hom(y4(11/, z), U) to a canonical subspace of Vp(^z){W, U). Using this connection, 
we define the induced module Ind^^y^t/ from an 74(V^)-module U . 

First we define or review certain notions. A lowest weight generalized ^-module is a 
generalized ^-module such that W = UneN W(h+n) for some h E C and W(h) generates W. 
Furthermore, if ^ 0, we call the unique h the lowest weight of W. An N-graded weak 
l^-module [Z] is a weak ^-module W together with an N-grading W = Unew W{n) such 
that 

VmW{n) cW{n + wtv -m-1) (3.1) 

for homogeneous v E V and for m e Z, n E N, where by definition W{n) = for n < 0. 
An N-gradable weak K-module is a weak K-module W on which there exists an N-grading 
such that W together the grading becomes an N-graded module. A vertex operator algebra 
V is said to be rational [Z] (cf. [DLM2]) if every N-gradable weak V-module is a direct 
sum of irreducible N-gradable weak ^-modules. There are also different definitions of 
rationality (see for example [HLl]). 

Now we recall Zhu's construction of A(y) and the main results from [Z]. Let y be a 
vertex operator algebra. Set 

0{V) — hnear span{ReSa;X~^(l -|- x)^^'^Y{u, x)v for homogeneous u,v E V}. (3.2) 

Note that we do not assume that V has the special property that V = ©n>oV(n), so that 
wtu could be negative, hence the formal series (1 + x)"*" and (x + 1)"*" may be different. 
For homogeneous u,v eV, we define [Z] 

u*v^ Res^x-' (1 + x)^*"y (xi, x)v ^ J2 (^^^^ j • (3-3) 

Then extend the definition of * on y by linearity. Set 

A{V) = V/0{V). (3.4) 
The following is the first of Zhu's theorems in his 74(\^)-theory. 

Proposition 3.1 [Z] Let {V,Y, 1,0;) be a vertex operator algebra. Then the space 0{V) 
is a two-sided ideal of the nonassociative algebra (V, *) and the quotient algebra A{V) 

(= V/0{V) ) is an associative algebra with l+OiV) being the identity element and withuj-\- 
0(y) being a central element. Furthermore, A{V) has an involution (anti- automorphism) 
9 given by 

e{v) = e^(i)(-l)^(°)v for veV. (3.5) 
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Let W he a, weak ^-module. Following [DLM2] we define 

fl{W) = {w & W \ VnW = for homogeneous v & V and for n > wtf }. (3.6) 

Equivalently, w G Q{W) if and only if x'^'"Y{v, x)w e for each homogeneous v & V. 

Then we have ([Z], [DLM2]): 

Proposition 3.2 For any weak V -module W , Vt{W) is a natural A{V)-module with 

V + 0{V) acting on D,{W) as I'w^-i for homogeneous v & V. Furthermore, if W — 
lJ„>o ^(n+h) is a lowest weight irreducible generalized V -module with W{h) ^ 0, then 
VL{W) = W(h) and it is an irreducible A{V)-module. 

Let Wi,W2 be weak ^-modules and let be a F-homomorphism from Wi to W2. 
Clearly, '0(n(Wi)) C fl(W2) and the restriction fl^ip) '■= i^laiWi) is an 74(V^)-homomorphism, 
It is routine to check that i7 is a functor from the category of weak K-modules to the 
category of A(V)-modules. On the other hand, for any A(\/)-modulc U Zhu in [Z] con- 
structed a N-graded weak 1/-module L{U) with U = L{U){0) C ^iL{U)) (cf. [DLM2]). 
Now we shall use the generalized regular representation of V on Pp(^)(V, U) to construct 
such an N-graded weak K-module. 

Let be a weak P^-module and let z be a nonzero complex number. Generalizing the 
definition of 0{W) in [FZ], we define 0{W, z) to be the subspace of W , linearly spanned 
by elements 

Res^x-^(1 - zx)^''Y{v, x)w (3.7) 

for homogeneous v & V and lor w & W. With this notion, 0{W) = 0{W,—1). General- 
izing Frenkel and Zhu's left and right actions of F on 1^ [FZ] we define 

v*p^,)W = Res^i-zy'^'^'x-^l - zxy'Y{v,x)w, (3.8) 
w*p^,)V = Res^i-zy'^^^'x-^l- zxy'-^Y{v,x)w (3.9) 

for homogeneous v & V and for w e W. Then extend the definitions by linearity. (We 
recover Frenkel and Zhu's actions when z = —1.) In the following we shall show that 
these generalized actions actually are Frenkel and Zhu's actions of on with respect 
to a new module structure. 

Lemma 3.3 Let W be a weak V-module and let z be a nonzero complex number. For 

V & V, set 

Y^'\v, x) = Y{z^^'^'^v, zx). (3.10) 

Then {W,Y^'^) carries the structure of a weak V-module. Furthermore, for homogeneous 

V E V and for m,n E Z, we have 

Res^{-z)-'^'''x"'{l- zx)''Y{v,x) = {-z)-"'-'Res^x"'{l + x)''Y^-'~'\v,x). (3.11) 
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Proof. From [FHL], we have 

= Yiz^^'^lzx) (3.12) 

on any generalized \^-module (on which L{0) semisimply acts). In particular, this is true 
on the adjoint module V. If is a generalized \^-module, it follows immediately from 
( p.l2| ) that {W, Y^^^) is a weak \^-module and it is isomorphic to (VF, Y) through the map 
2;^(o)_ Pqj^ general weak ^-module W, replacing (u, v) and (xq, Xi,X2) by (2;^*^'^)^, z^^^^v) 
and {zxq, zxi, ZX2) in the Jacobi identity for Y, respectively, then using (|3.12 ) on V we 
obtain 



z~^Xo'6 (^^^) Y^^\u,xi)Y^'\v,X2) 
_ ( Y^'\v,X2)Y^'\u,xi) 

V -Xq ) 



X\ 


- X2 




Xo 


X2 


-Xi 






Xi 


- Xo 




X2 


Xi 


-Xo 




X2 


Xi 


- Xo 


X2 



= (^^^) r (F(z^(°)m, ZXo)z'^^'^V, ZX2) 

\ X2 J 

= z~^x:,HI^^^-^^^Y'^'\Y{u,xo)v,X2). (3.13) 

This proves the Jacobi identity for F*^^-* while the vacuum property and lower truncation 
condition clearly hold. The identity ( 3.11 ) directly follows from changing variable y = 
—z~^x. □ 

With Lemma p.3| , generalizations of certain Zhu's theorems [Z], or Frenkel and Zhu's 
theorems [FZ] will follow immediately. First, we have (cf. [Z]): 

Lemma 3.4 Let W be a weak V -module and let z he a nonzero complex number. Then 
Res^a;-"-2(l - zx)"*''+'^F(t;, x)w G 0{W, z) (3.14) 
for homogeneous v & V and for n > m > w E W . □ 

We also have: 
Lemma 3.5 Let W and z he given as hefore. Then 

Res^x-"-2(l - ;zx)"™y (e^"'^(^)t;, x)w G 0{W, z) (3.15) 
for any homogeneous v E V and for n > m > 0, w E W . 



Proof. Notice that wt(L(l)*f ) = wtf — i for i > 0. Then using Lemma p.4| , we get 

Res,x""~2(l - 2x)"*"+"^y(e""'^(i)t;, x)w 

= y Res,4a;~""'~'(l - zxr^^-^'^YiLnYv, x)w 
i>o ''■ 

= yRes^-^x-''-'-\l- zxY'^'^-''^+'+"^Y{L{iyv,x)w eO{W,z). □ (3.16) 
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Set A{W,z) = W/0{W,z). Then A{W) = A{W, -1). Noticing that from Lemma [Sj, 
the left and right actions * p(^z) are exactly the Frenkel and Zhu's left and right actions on 
the module {W,Y^~^ ^''), we immediately have: 

Proposition 3.6 [FZ] Let W be a weak V -module and let z be a nonzero complex number. 
Then the left and right actions *p(z) ofVonW defined in ^3.^ and ( ^.dj ) give rise to an 
A(y) -bimodule structure on A{W,z). 

We shall need the following result: 

Lemma 3.7 Let V\ and V2 be vertex operator algebras and let E be a weak Vi®V2-module. 
Then 

^v.mAE) = ^vAE) n ny,{E), (3.17) 
where E is considered as a weak Vi-module and a weak V2-module in the obvious way. 
Proof. Clearly, 

On the other hand, since the actions of Vi and V2 on i;^ commute, 

Y{v^2),x)nvAE) C nv,{E)[[x,x-']] (3.18) 

for t>(2) G V2. Now, let e G Qvi{E) fl Qy^iE) and let V(^i) G Vi, f(2) G V2 be homogeneous. 
Then 

x-*^(^)y(t;(2),x)e G E[[x]] nQvAE)[[x,x'']] = l^y,(^)[[a;]], (3.19) 
so that using (p.l8|) we get 

a;("*''w®^(2))F(t;(i) ® t;(2),x)e = x"*^(i)y(f (1), x) (x"*^(2)r(f (2), x)e) G E[[x]]. (3.20) 
Thus e G Qvi(8V2{E). This proves 

nvAE)nnvAE) c nv^^v,{E) 

and completes the proof. □ 

Now let be a weak \^-module, U a vector space and z a nonzero complex number. 
Consider B.om{A{W, z) , U) naturally as a subspace of B.om{W,U). Recall that rj is the 
canonical embedding of Hom(P1/, U) into {U* ® W)*. Then we have: 

Proposition 3.8 Let W be a weak V -module, U a vector space, and z a nonzero complex 
number. Then 

Yiom{A{W]z),U) 

= n{Vp(,){W,U)) (3.21) 
= {/ G Hom(iy, U) I x"*^(x - zY^''fY°{v, x) G (Hom(iy, U))[[x\] for homogeneous v ^M'^) 
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Furthermore, 

{-z + x)'"'''Y^{v, x)f = {x- zY'''fY\v, x), (3.23) 
{z + xy'Y^^v, x)f = {x + z^^fViv, x + z) (3.24) 

for f G Hom(A(14^, z), U) and for homogeneous v & V . 

Proof. Let T be the set defined in the right hand side of ( ^.22| ). To prove the first 
assertion, in the following we shall prove 

Ilom{A{W, z), U)CT C n{Vp^,-){W, U)) C Rom{A{W, z), U). 

The second part follows immediately from Lemma p.l3| . 

Let / G }lov[i{ A{W, z),U) (c Hom(PF,f/)) and \et v & V be homogeneous. Then for 
n G N, w eW ,hy changing variable and using Lemma pTSl we get 



Res^a;"*''+"(x - zY^^fY^iv, x)w 
Res,x"*''+"(x - ^)"*VF(e"^(^)(-x-')^(°)t;,x-^)w 
Res^a;-"*^-"-^(x-^ - zY^"" fY{e''~'^^^\-x'^f^'^'^v,x)w 
{-lY'"f (Res,x-"-2(l - zxY'"Y{e'~'^^^^v,x)n?. 



(3.25) 



This shows 



x'^'^x- zY'"fY\v,x) G (Hom(Vr,[/))[[x]]. (3.26) 
That is, / G T. Thus 

Hom(A(iy,;z),f/) C T. 
From the definition of 'Dpi^z){Wi U)-> immediately have 

Let f & T and let f G be homogeneous. By Lemma p.l3| we have 

{-z + xY'^'Y^iv, x)f = {x- zY'VY^iv, x), (3.27) 

{z + xY'^'Y^^v, x)f = {x + zY''"fY\v, x + z). (3.28) 

Then 

x'^'^'i-z + xY'''Y^{v,x)f = x-^'^x - zY'" fY\v,x) G (Hom(Vr, f/))[[a;]], (3.29) 
x"*^(2 + xY''"Y^{v, x)f = x"*''(x + zY'^'fY^iv, x + z) e (Hom(Vr, U))[[x]]{3.30) 

We are also using (|2.33|) . Hence 



x'"^''Y^{v,x)f = i-z + x)""'" x"*^(-^ + x)"*''F^(t;,x)/ G (Hom(H^, f/))[[a^f,31) 



wtv\^R / 



x"*^r^(t;,x)a = (z + x)""*'' x"*^(2 + a;)"*^r^(t;, x)/ G (Hom(iy, t/))[[x]]. (3.32) 
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It follows from Lemma [3?^ that / G Q{Vp(^z){W, U)). This proves 

TcQiVp(^,^{W,U)). 

Let / G n(X'p(2)(W, U)) and let f G V be homogeneous. Then 

x"*^F^(t;,a;)/, x'^^F^tt;, x)/ G (Hom(iy, f/))[[a;]]. (3.33) 

Multiplying (|23^ ) by ^, then taking Res^^g (and using the fundamental properties 

of delta functions) we get 

x^*^(x - z)'"^''fY°{v, x) - x™*^(-z + x)™*^F^(f , x)f 
= Res,,z-'6 f [z + xoT'^'x-'^'Y^v, xo)f. (3.34) 



Then it follows from ( p.33|) that 

x'^'^ix- zy^fViv^x) =x'^'''{-z + xy^''Y^{v,x)f G (Rom{W,U))[[x]]. (3.35) 

That is, f E T. Furthermore, for homogeneous v & V and for w G W, since {Y°)° = Y 
[FHL], we have 

Res^.x-2(1 - zxy'fY{v,x)w 
= Res,.x-2(1 - zx)™*VF°(e"^(^)(-x-2)^(°)t;,x-i)w 
= Res^.(l - zx~^y'fY"{e''''^'^^\-x^)^^^'>v,x)w 
= Res,(-l)"*"x"*"(a; - z^'" fY^ie''''^^'^, x)w 

= ^(-l)""''^Res^a;"*''-*(x - z)""'" fY"{L{iyv, x)w 



^(_^)wt.l j^gg^^wt(L{i)>.)(^ _ z)-t(^(i)'-)+7r''(L(l)*t;,x)w 

(3.36) 



because 



Res,a;"*(^(^)''')(x - z)'^'^^^^'>'^'>+' fY°{L{iyv, x)w 
J2 ( )Res,x"*(^(^)"'^)+^(x - zy'^^^^^'''^fY°{L{iyv,x)w 



j=0 



= 0. (3.37) 

This proves f{0{W,z)) = 0, hence / G llom{A{W, z) , U) . Thus n{Vp(^,){W,U)) C 
Hom(A(VF, 2;), f/). This completes the proof. □ 

It follows from Theorem |2.17| , Lemma |3.7| , and Proposition that f2(Pp(2)(iy, f/)) 
is an A{V) ® v4(y)-module. On the other hand, because A{W, z) is an y4(l^)-bimodule 
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and 9 is an involution of A{y), from the classical fact Hom(A(VF, z), f/) becomes an 
A{V) ® A{V)-mo<Me with 

((ai,a2)/)H = /(^(a2Vai) (3.38) 

for ai, 02 e AiV), f G }lom{A{W, z),U), we A{W, z). 
Strengthening Proposition |3.8| we have: 



Theorem 3.9 Let W he a weak V -module, U a vector space and z a nonzero complex 
number. With the above defined A{y) ® A{V) -module structures, B.om{A(W, z) , U) and 
Q(Vp(^z)(W,U)) coincide. 

Proof. Let / G B.om{A{W, z),U) and let v e V be homogeneous. From Proposition 
we have 



X 



-'^Y'^{v,x)f, x^^Y''{v,x)f e Vp^,){W,U)[[x]l 



Then by expanding {—z + x)""^^ and {z + a;)"*^ we get 

Res,x'"'^-^Y^{v,x)f = Res,(-z)-"*"x"*"-^(-;z + a;)"*"r^(t;,x)/, (3.39) 
Res^x'"'''-^Y^{v,x)f = Res^.2-"V-^(;z + x)"'*^F^(t;, x)/. (3.40) 

Then for w e W, using ( p.23|) we have 

Res,x'"'''-\Y''{v,x)f){w) 
= Res,(-2)-"*"a;"*"-H-z + x)"*"(F^(t;, x)f){w) 
= Res^(-2)"™*^a;"*^-^(a; - z)""'" fY^iv, x)w 
= Res,.(-^)-"*"x"*"-^(x - 2)"*VF(e"^(i)(-x-2)^(°)t;,x-i)w7 
= Res^(-l)"*^(-2)-"*''x-"*^~^(x - zy'fY{e''^^^^v,x-'^)w 
= Res,(-l)"*"(-2)-"*"x-i(l - zxy'fY{e''~'^^'\,x)w 

= y ^ResJ-iy(-z)-'"'''x-^-Ul - zx)"*(^(^)^")+7r(L(l)V, x)w 
i>o ''■ 

= E ^( '.)Res,(-l)"*'(-^)~"''^''a:"'"'+^'(l - zx)'"'^''^^^'''^ fY{L{iyv, x)w 
i,j>0 ^- V^/ 

= y ^Res,{-z)-'^'''+'x-\l - zx)'"'^^^^^'''^ fY{L{iy{-l)^^'^h,x)w 

= /(^(^)*P(.)W). (3.41) 
Here we are using the fact: 

Res,x-i-'^(l - ^x)"*(^(^)""V(L(l)'t;,a;)M; G 0{W,z) 



for r > 1 (Lemma 3.5). 
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Similarly, using ( p.24| ) we get 

Res,x™*^'i(F^(t;,x)/)(«;) 
= Res^z-'^'''x^'''-\z + xy'iY^iv, x)f){w) 
= Res^z-"*''x"'''-i (x + zy^''fY°{v, x + z)w 
= Res^z-"*^(x - z)^''-^x'"'''fY°{v, x)w 

= Res^(-2)-"*^(l - zxy'-^x-^fY{e''''^^^^v, x)w 

= y ^ResJ-z)-"*^x-^-^(l - za;)"*(^(^)'^)+^-VF(L(l)*t;, x)w 
j>0 ''• 

= Res^(-2)-"*^x-^(l - zx^^-^fYiv, x)w 

+ y\Res,{-z)-'"'''x-^^^'-^\l-zx)'^^^^^^'''^+'-^fY{L{iyv,x)w 

= Res^(-2)-"*''x-^(l - zx^^-^fYiv, x)w 

= f{w*Pi,)v) (3.42) 

because for z > 1, 

Res,(-l)"*''a;-2-('-^)(l " zxy'^''^^^'''^+'-^Y{L{iyv,x)w G 0{W,z). 

Then it follows immediately from the definitions of the module structures. □ 

Recall that B.om{A{W, z) , U) is an A{V) ® A(V^)-module with the action defined in 
( 3.38| ). Now, let U be a (left) A{V)-'module instead of just a vector space and let z = — 1. 
Then HomA(\/)(A(V^), U) is a (left) A(V)-submodule of Hom(A(V^), U) equipped with the 
first action of A{V) (recall (p.38|) ), i.e., 

{afm = f{ba) (3.43) 

for a, 6 G A(y), f G Hom(A(V), [/). Furthermore, as an y4(y)-module, 

U = RomAiv){A{V),U). (3.44) 



Definition 3.10 Let U be an yl(V^)-module. We define Ind^(y)?7 to be the V^-submodule 

of (Pp(_i)(H^,f/),y/'(_i)), generated by U (= }iomAiv)iA{V),U)). 

We shall briefly use Ind U for Ind^^y^f/ whenever it is clear from the context. 
Lemma 3.11 Let U be a (left) A{V)-module. Then 

U = HomA(y)(^(V^), U) C fi(Ind U) C Hom(A(\/), U). (3.45) 
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Proof. Because 

U = Hom^(y)(A(V), U) C Hom(A(\/), U) = ^]^^y(Pp(_l)(y, f/)), (3.46) 
and the actions and commute, we have 

Y\v,x)U C {nv{Vpi^^^){y,U),Y^))[[x]] (3.47) 
for f G y. Furthermore, because U generates Ind U under the action F^, we have 

Ind U ^Vtv (I?P(-i) {y,U), Y^) . (3.48) 
Then using Theorem p.9| , we get 

n(Ind U) C fiy (l^y(Pp(_i)(V^,?7),r^),r^) = fiy«y(I?p(_i)(\/,f/)) = Hom(A( V) , f/(^.49) 



This completes the proof. □ 

Let Ui and U2 be A(V^)-modules and left ip be an A(V")-homomorphism from Ui to ?72- 
Then / gives rise to a homomorphism f° from Hom(\^, f/i) to Hom(y, U2) in the obvious 
way. Furthermore, it is easy to see that the restriction of /° is a V" (8> V-homomorphism 
from Pp(_i)(V, Ui) to I?p(_i)(\/, ^/z), which maps Hom(A(\/), f/i) to Hom(A(\/), [/a). The 
restriction of f° to Ind f/i is a V"- homomorphism from Ind t/i to Ind U2- It is routine 
to check that the map Ind : U t— > Ind U gives rise to a functor from the category of 
A (l^) -modules to the category of weak V^-modules. It is also clear that 

Ind(t/i © U2) = Ind f/i © Ind U2. (3.50) 

Next we study the structure of the induced module Ind U. First, we prove the following 
result (cf. Lemma |2.1| ), which is a reformulation of a result of [DLM3]: 

Lemma 3.12 Let W be a weak V -module, w G W . Let u,v & V and let k ^ Z be such 
that 

x''Y{u,x)w eW[[x]], (3.51) 



or equivalently, 



Then for p, g G Z, 



Uk+mW = for m > 0. (3.52) 



1=0 j>0 



p — k\ (k 



U„V„W = J2J2\ ■ ■ {Up_k-i+jV)q+k+i-jW- (3.53) 



where n is any nonnegative integer such that x"'~^^'^'^Y {v , x)w G 
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Proof. Since x''Y{u,x)w G by applying Res^^^x^^ to the Jacobi identity for the 

triple {u,v,w) we get [DL] 

(Xo + X2)''Y{u, Xq + X2)Y{v, X2)w = {x2 + Xo)^Y{Y{u, Xo)v, X2)w. (3.54) 

Notice that 

UpVqW = ReSa;(,ReSa;2a;2(a;o + X2YY{u, xq + X2)Y{v, X2)w. (3.55) 

We can multiply the left hand side of (|3.54|) by xKxo + X2Y~^, but we are not allowed to 
multiply the right hand side of ( |3.54D by X2{xq + X2Y~^ ■ Notice that 

{xo + X2f-' = j:(^~%l'-%+ E f^T^Vo"'"^ (3-56) 

and 



i=0 \ / i>n+l \ ^ 



Resa:2 X! \ ^x''2'^{Xo + X2YY{u,Xo + X2)Y{V,X2)W = Q (3.57) 



i>n+l \ 



because x"+^+'?F(f , x)w G W[[x\]. Using ( |g3^ )-( P37| ) we get 



UpVgW 



ReSj^gReSj^a (a^o + X2Yx2Y{u, Xq + X2)Y{v, X2)w 
Res^gRes^jl^^o + X2Y~^xl ((xq + X2YY{u, xq + X2)Y{v, X2)w ^ 

Res3;oRes^2 ^ y . ^ jxg"''"V2'^'' ((xq + X2YY{u,xo + X2)F(f,X2)w) 



ReSxoReSi:2 51 r ■ ^)^o ^ ^Xg"^^ ((x2 + xo)^F(F(m, xo)t;, X2)w) 



Y.Y.\ , ] \}\iup^k-i+jv)q+k+i-jW. (3.58) 



1=0 j>0 



This concludes the proof. □ 

As an immediate consequence of Lemma |3.12| , we have the following result, which was 
proved in [DM] and [Lil]. 

Corollary 3.13 Let W he a weak V -module and let w & W . Set 

{w) = linear span {vmW \ v E V, m G Z}. (3.59) 
Then (w) is the suh-weak-module ofW, generated by w. 
Furthermore, we have: 
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Lemma 3.14 Let W be a weak V-module and let U be an irreducible A{V)-submodule of 
Q{W). Then the weak submodule (U) ofW, generated by U , is a lowest weight generalized 
V-module with U being the lowest weight subspace. 



Proof. From Corollary |3.13| we have 



{U) = linear span{t>mf/ \ v E V, m G Z}. (3.60) 

Since V has a countable basis, A(y), being a quotient of V, also has a countable basis. 
Then the central element u + 0{V) of A{V) acts on any irreducible 74(\^)-module as a 
scalar. (See the proof of Lemma 1.2.1, [Z].) That is, L{0) acts as a scalar h on U (being 
a subspace of W). Then it immediately follows from ( |3.60| ) and the following facts: 

wtVm = wtt; — m — 1, (3.61) 
VnU = (3.62) 

for homogeneous v & V and for m G Z, n > wtf . □ 
We immediately have: 

Corollary 3.15 Let U be an irreducible (left) A{V)-module. Then Ind U is a lowest 
weight generalized V-module with U as the lowest weight subspace. □ 

Remark 3.16 There are two questions regarding Ind U: (1) Is Ind^j-y^f/ already an 
irreducible generalized V^-module? (2) Is there a canonical characterization of Ind Ul 

4 Functor F and Frenkel-Zhu's fusion rule theorem 

The main goal of this section is to give an alternate proof of Frenkel and Zhu's fusion rule 
theorem. 

Recall from [B] (cf. [FFR], [Lil]) the Lie algebra giV) associated to the vertex operator 
algebra V . As a vector space, 

giV) = V/DV, 

where 

V = V ®C\t,t-\ D = L(-l) (g) 1 + 1 ® — . 
The Lie bracket is given by 

['u(m), f (n)] = ^ I ,\{uiv)(m + n — i) 



for u, w G y^, m,n E Z, where u{m) = u ® t™. Furthermore, g{V) is naturally a Z-graded 
Lie algebra with 

degf (m) = wtf — m — 1 (4-1) 
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for homogeneous v G V and for m G Z. It is clear that any weak V^-module is a natural 
5'(V^)-module and that any generalized V^-module is a C-graded ^'(V^) -module. It was 
known (cf. [Lil]) that A{V)Lie is a natural quotient Lie algebra of g(y)o, where g(y)o 
is the degree-zero Lie subalgebra of g{V). Then any 74(\^)-module is a natural g{V)o- 
module. 

Recall a notion from [DLM2]. (Here we use a different symbol for the universal object.) 

Definition 4.1 Let U be an yl(K)-module. Then f/ is a (?(V)o-module. View f/ as a 
{g{y)o + 5'(V^)-)-module with g{V)-U = 0, where g{V)^ = ®n>og{V)-n- Define the 
standard induced 5'(V^)-module 

F{U) = U{giV)) 0uigiv)^+giv)o) U, (4.2) 

which is an N-graded g{V)-modu\e with 

deg[/ = 0. (4.3) 

Then we define F{U) to be the quotient (7(\^)-module of F{U) modulo the following Jacobi 
identity relation: 

1^ fXi — Y(u,Xi)Y(v,X2)w — x^^6 (— — —] Y (v , X2)Y (u, xi)w 

\ Xq J \ -Xq J 

= ^-1^ f ^i -xo \ Y(Y{u, xo)v, X2)w (4.4) 



X2 

for u,v eV, we F{U). 

From definition, F{U) is an N-graded (7 (\^) -module. Because of ([4.4|) , F{U) clearly is 
an N-graded weak l^-module. Let eu be the natural map from U to F{U). Then we have 
the following obvious universal property: 

Proposition 4.2 Let W be any weak V -module and let ip be any A{V)-homomorphism 
from U to VL{W). Then there exists a unique V -homomorphism ip from F{U) to W such 
that ipcu = ip. □ 

Note that we have not excluded the possibility that F{U) = even if f/ 7^ 0. With 
the weak ^-module Ind U we have the following result: 

Lemma 4.3 Let U he an A{V)-module. Then the natural linear map ejj from U to F{U) 
is injective and euiJJ) = F{U){0). 

Proof. It is clear that cuiU) = F{U){0). Since U is an A(\/)-submodule of ^(Ind U), 
using the universal property of F{U) (Proposition |4.2| ), we obtain a l^-homomorphism 
from F{U) to Ind U such that (j)eu is the embedding of U into f2(Ind U). In particular, 
06(7 is injective. Consequently, cu is injective. □ 

In view of Lemma |4.3| , we consider t/ as a canonical subspace of F[U). Combining 
Lemma [4.3| with Lemma |3.14| we immediately have: 
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Lemma 4.4 Let U be an irreducible A(y)-module. Then F{U) is a lowest weight gener- 
alized V -module with U as the lowest weight subspace. □ 



Consider all graded submodules W of F{U) such that W (1 U = 0. Then the sum 
of all such graded submodules is still a such graded submodule, so that it is the unique 
maximal graded submodule with this property. Define L{U) to be the quotient module 
of F{U) modulo the maximal submodule. We have ([Z], Theorem 2.2.1): 

Lemma 4.5 Let U be an A(y)-module. Then L{U) is an N-graded weak V -module such 
that for any nonzero graded submodule W of L{U), U r\W ^ Furthermore, if U is 
irreducible, L{U) is an irreducible generalized V -module. 

Proof. The first assertion directly follows from the definition of L{U). Since U is 
irreducible, by Lemma p.l4| , L{U) is a lowest weight generalized V^-module with U as the 



lowest weight subspace. Then the N-grading on L(U) is a shift of the L(0)-grading on W. 
Consequently, any submodule of L{U) is automatically graded. It follows immediately 
that L{U) is irreducible. □ 

It is routine to check that the map F : U ^ F{U) gives rise to a functor F from the 
category of A(l^)-modules to the category of N-graded weak V^-modules. Furthermore, 
given a family of A(V^)-modules Ui for i G S*, we have 



Ui) = (B.esFm, (4.5) 



or equivalently, if U is an y4(\^)-module such that U = E ®Ui where £" is a vector space 
and Ui is an 74(^)-module, then F{U) = E®F{Ui). We also have the following analogue 
of the Frobenius reciprocity theorem (cf. [Ki]): 

Lemma 4.6 Let W be a weak V -module and let U be an A{V)-module. Then the map 
n' : Romv{F{U), W) Hom^(y)(f/, n{W)) 

^ (4.6) 

is a linear isomorphism. 

Proof. Because U generates F{U) as a weak V"-module, it is clear that Q' is injective. 



It follows from the universal property of F{U) (Proposition ^l2D that fl' is also surjective. 

□ 



Remark 4.7 Let W and U be given as in Lemma [4.6| . Similarly, we define a linear map 
Q" from Homv'(Ind U,W) to B.omA(v){U,Q{W)). Then fl" is injective. It is easy to see 
that fl" is surjective if and only if the V"-homomorphism from F[U) to Ind U, extending 
the identity map of U, is an isomorphism. 

We shall need the following fact: 
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Lemma 4.8 Let Vi and V2 be vertex operator algebras and let Ui and U2 be A{Vi) 
and A{V2) -modules , respectively. Let W be a weak V\ ® V^-module and let ip be an 
AiVi) ® A{y2)-homomorphism from Ui®U2 to VL{W). Then there exists a unique Vi®V2- 
homomorphism ip from F{Ui) ® F{U2) to W , extending ip. 

Proof. The uniqueness is clear because Ui C?> U2 generates F{Ui) ® F{U2) as a weak 
Vi(S>V2-module. By Proposition |4.2| , there exists a ^i-homomorphism ipi from Fy^ {Ui®U2) 
to W , extending ip. Note that 

FvAUi)(dU2 = Fv,{Ui®U2). 

It is clear that ipi is an A(V2)-homomorphism. Then by Proposition |4.2| again, there exists 
a V2-homomorphism ?/'2 from 

Fv,{F{U^)®U2) {= Fy,{U^) ® Fy,{U2)) 

to W , extending ipi. Consequently, il)2 is a Vi ® V2-homomorphism ip from F{Ui) ®F{U2) 
to W, extending ip. □ 



Remark 4.9 Let Vi, I2, Ui and U2 be given as in Lemma [4.8| . It was proved in [DMZ] that 
A{Viig)V2) is naturally isomorphic to A(l^i) (8)^(^2). Then Ui®U2 is a natural A{Vi®V2)- 
module. By Lemma |4.8| , there exists a,Vi® V2-homomorphism ip from F{Ui) ® F{U2) 
to Fvi®v2(f^i ® U2), extending the identity map of Ui ® f/2- It follows from the universal 
property of Fvj^^V2{Ui ® f/2) that ip is an isomorphism. 

Recall the involution (anti-automorphism) 6 of A{V). Let U he a (left) A(V^)-module. 
Then from the classical fact U* is a left A(V^)-module with the action defined by 

(a/)(u) = f{e{a)u) for a G A{V), ueU. (4.7) 

The following result is classical in nature. 

Lemma 4.10 Let Ui, U2 be (left) A(y)-modules and let B be an A{V)-bimodule. Define 

d : Hom(5 (g)A(v) Ui, U2) ^ Hom(f/i ® U;, B*) 

^ ^ d^, (4.8) 

where for Ui E Ui, U2 E U2, 

{d^{ui ® U2), b) = {u2, ^(6 O Ml)). (4.9) 

Then 

d (Hom^(v)(5 ®A(v) Ui, U2)) C }IomA(v)®Aiv){Ui ® U;, B*), (4.10) 

where B* is considered as an A{V) ® A{V)-module with the action defined by 38^ . If 
we in addition assume that U2 is finite- dimensional, then the restriction of d gives rise to 
a linear isomorphism from Hom^(y)(i? ®a{v) Ui, U2) onto YioniA{v)®A{V)iUi ® U2, B*). 
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In particular, let U be a (left) A(y)-module. Then the map 



du: U®U*^A{Vy 

u®u*^du{u®u*), (4.11) 

where for a G A{y), 

{du{u (g) u*), a) = {u*, au), (4.12) 

is an A{V) A{V)-homomorphism. 

Proof. Let rj' be the natural embedding of Hom(i? CS) Ui, U2) into Hom(?7i ® U21 B*). 
It is a classical fact that rj' is a linear isomorphism if U2 is finite-dimensional. With 
B ®A(v) Ui being a quotient space of i? ® t/i, we naturally consider Hom(i? <^a{v) Ui, U2) 
as a subspace of Hom(i? U2)- Then ci is the restriction of rj' . Thus c? is injective. Let 
^ G Hom(S ® Ui, U2), ai, 02 e A(V^), Mi G Ui, ul G t/^ and h e B. Then 

((i^((ai, a2)(-ui (g) -Ug)), &) = {d,^{aiUi ® a2ul),b) 

= {a2U*2,il){h® aiUi)) 
= {u;,e{a2)tlj{b®aiui)) (4.13) 

and 

{{ai,a2)d^{ui (S)U*2),b)) 
= {d^{ui® u*2),9{a2)bai) 

= {ul,ip{e{a2)bai0ui)). (4.14) 
It follows immediately that ^ ^omA{v){B ^a(v) Ui,U2) if and only if 

d^ G Y{omA(v)®A(v){Ui ® U2,B*). 
This completes the proof. □ 

Remark 4.11 Let U be an irreducible (left) A(V^)-module. Let u* be a nonzero element 
of U* . By Lemma [4.10| , (i[7(- -u*) gives an A(V")-homomorphism from U to AiV)* 
equipped with the first action. It follows from the irreducibility of U that du{- ® u*) 
is injective. The it follows from Lemma p.l4| that there is a canonical lowest weight 
generalized l^-module inside the regular representation on Vp(_i){y) with U as the lowest 
weight subspace. 



Lemma 4.12 Let W be a weak V -module and let Wi and W2 be lowest weight general- 
ized V -modules with lowest weight subspaces Wi{0) and W2{0), respectively. Define the 
restriction map 

Qt : }iomv^v{Wi(g)W2,Vp(^.i){W)) HomA(y)55A(y)(W^i(0) ® 1^2(0), n(r'p(-i)(iy))) 
^n{tlj)\w,{o)(^W2{o)- (4.15) 
Then Qt is injective. 
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Proof. It immediately follows from the fact that the V V^-module Wi ® W2 is 
generated by W"i(0) (g) 1^2(0). □ 

Recall from Theorem ^]9| that for generalized V"-modules W, Wi and W2, Fp[P{z)]^^_^^r^ 
is a linear isomorphism from Vy^'^^/^ onto Homyi^v/lW^i ® ^^2, ^^p{2)(W^))- For the rest of 
this section, we use F^[^^ for Fo[P(-l)]||^jty^. 



Combining Theorem |2.9| and Lemma [4.12| with Theorem we immediately have: 

Proposition 4.13 Let W,Wi and W2 be lowest weight generalized V -modules. Then 
^T-^i^iWa ^5 injective linear map from Vy^[y^^ to Hom^(y)^A(y)(W^i(0)®VF2(0), 
In particular, 

dimV^;^^., < dimHomA(y)^^(y)(l^i(0) ® W2{Q),A{Wy). (4.16) 

Next, we shall show that Vtj'F^'^y^^ is a linear isomorphism in a certain situation. 

Theorem 4.14 Let W he a lowest weight generalized V -module and let Ui, U2 be finite- 
dimensional irreducible A{V) -modules. Then the linear map 

^tF^(Ui)F{U2) '■ ^nUi)FiU2) ~^ ^OmA{v)(x>A{V){Ui (8) U2, A{W)*) 

is a linear isomorphism. 

Proof. We only need to prove that firF^^^^^j.^^^ is onto. For simplicity, in this proof 
we use for -F)^^i)f(c/2)- Let 



ij G RomAiv)^Aiv)iUi ® U2,A{Wy). 

Then tpiUi ® U2) is an A{V) O A(y)-submodule of A{W)*, which is fi(Pp(_i)(iy)) by 
Proposition |3.8| with U = C and z = —1. By Lemma we may assume that uj + 0(y) 
acts as scalars hi and /i2 on Ui and U2, respectively. Then L{0) acts as scalar hi + /12 
on ijj{Ui (g) U2). Let E be the V l^-submodule of Pp(_i)(iy), generated by ijj{Ui f/2). 
By Lemma [4.8| , ^/^ extends to a F ® V"-homomorphism ?/' from F{Ui) ® F{U2) to i?. By 
Theorem |2.9|, we get an intertwining operator JF~^ (■?/;) of type (^^^^'^p^^^^ such that 

Thus fi-rJF is onto. This completes the proof. □ 

Remark 4.15 In the proof, if E is an irreducible generalized V V^-module, then from 
[FHL], E = L{Ui) ® L{U2), and then VtT will be a linear isomorphism from '^Y{Ui)l{U2) 
HomA(v)0yi(y)(f^i ® U2, A{W)*) . But, E in general is not irreducible. 

Combining Theorem |4.14| with Lemma [4.10| we immediately have: 



w 

F(Ui)F{U;) 



Corollary 4.16 Let W,Ui and U2 be as in Theorem U-^A - Then d ^QxFj 
linear isomorphism from V^(^^)F{u^) ^omA{v)(g)A(v){A{W) ®a{v) Ui, f/2). □ 
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Now we immediately have the following modified Frenkel-Zhu's fusion rule theorem 
(cf. [FZ], [Lil] and [Li2]): 



Corollary 4.17 Let W be a V -module and let Wi and W2 be irreducible V -modules 
such that Wi = F{Wi{0)) and = F{{W2{0))*), or what zs equivalent, F{Wi{0)) and 
^((1^2(0))*) are irreducible. Then 

dnnRomA^vMiW) ^^iv) W^ilO), 1^2(0)) = dimV^^^. (4.17) 

In particular, this is true if V satisfies the condition that every lowest weight generalized 
V -module is completely reducible. 

Proof. It was proved in [HL2] (cf. [FHL]) that 

dim V^iv^ = dim V^fvK = dim V^;^, . (4. 18) 

Then it follows immediately from Corollary [4.16| . □ 
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